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Hardy’s inequality in the scope of Dirichlet forms
Nedra Belhadjrhouma∗& Ali BenAmor†‡
Abstract
We revisit Hardy’s inequality in the scope of regular Dirichlet forms following an
analytical method. We shall give an alternative necessary and sufficient condition
for the occurrence of Hardy’s inequality. A special emphasis will be given for the case
where the Dirichlet form under consideration is strongly local, extending therefore
some known results in the Euclidean case.
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1 Introduction
By Hardy’s inequality we mean an inequality of the type
∫
f 2 dµ ≤ CE [f ], ∀ f ∈ D(E), (1.1)
where E is a Dirichlet form and µ a positive measure charging no set having zero capacity.
Discussions of such type of inequalities and its consequences in the scope of Dirichlet
forms was made by several authors and the subject has gained much more interest in the
last years [Kai92, Von96, Fit00, FU03, BA04, Rv06], due to their relevance to many areas
of mathematics (spectral theory, PDE’s, potential theory,...etc).
In the literature there are many type of necessary and sufficient conditions for the va-
lidity of inequality(1.1) (especially for the gradient energy form on Euclidean domains
([Ada73, Anc86, Maz85, AH96, Tid05]): capacitary conditions, functional conditions...etc
In [Anc86], Ancona proved that Hardy’s inequality holds true on Euclidean domains Ω
for the measure (dist(x, ∂Ω))−2dx and where the energy is the gradient energy form if and
only if Ω possesses a ’strong barrier’. Years after Fitzsimmons [Fit00], proved that this
deep result holds true in a very large generality, namely for quasi-regula Dirichlet form.
Being inspired by the papers of Ancona [Anc86] and Fitzsimmons [Fit00] we shall give
new necessary and sufficient condition ensuring the validity of Hardy’s inequality. In fact,
using Beurling-Deny formula, we shall write Ancona’s condition in a variational form,
without assuming the barrier to be superharmonic.
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We shall also show that our condition is equivalent to the one due Fitzsimmons.
In the special (but relevant) case where the Dirichlet form is strongly local (of diffusion
type), using the intrinsic metric induced by E , we shall generalize and improve the known
Hardy [Anc86] and improved Hardy inequality on bounded Euclidean domains [FLA07]
in our general setting.
Our method is rather direct and analytic. It is based upon the use of the celebrated
Beurling-Deny formula
2 Preliminaries
We first shortly describe the framework in which we shall state our results.
Let E be a regular symmetric transient Dirichlet form, with domain F := D(E) w.r.t. the
space L2 := L2(X,m). We assume that X is a separable metric space and that m is a
reference measure.
In this stage we would like to emphasize that our assumptions on the Dirichlet form are
not very restrictive. Indeed, every quasi-regular Dirichlet form is quasi-homeomorphic to
a regular Dirichlet form [CMR94]. So that our results are true for quasi-regular Dirichlet
forms as well.
The local Dirichlet space related to E will be denoted by Floc. A function f belongs to
Floc if for every relatively compact subset Ω ⊂ X there is f˜ ∈ D(E) such that f = f˜ -a.e.
on Ω.
We recall the known fact that every element from Floc has a quasi-continuous modifica-
tion. We shall always implicitly assume that elements from Floc has been modified so as
to become quasi-continuous.
We also designate by Fb := F ∩ L
∞(X,m) and Fb,loc := Floc ∩ L
∞
loc(X,m).
We shall denote respectively by κ, J the killing and the jumping measures related to
E and E c its strong part both given by Beurling-Deny formula (See [FO¯T94, Theorem
4.5.2,p.164] (for quasi-regular Dirichlet forms, see [Kuw98]).
J(f, g) =
∫
X\d×X\d
(f(x)− f(y))(g(x)− g(y))J(dx, dy), ∀ f, g ∈ F .
Given f, g ∈ F set µc<f> the energy measure of f and µ
c
<f,g> themutual energy measure
of f, g (see [FO¯T94, pp.110-114]). Furthermore the strong local part of E possesses the
representation
E c[f ] =
1
2
µc<f>(X), ∀ f ∈ F . (2.1)
The representation goes as follows: for f ∈ Fb its energy measure is defined by∫
φ dµc<f> = 2E(f, φf)− E(f
2, φ), ∀0 ≤ φ ∈ F ∩ Cc(X). (2.2)
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Truncation and monotone convergence allow then to define µc<f> for every f ∈ F .
Furthermore with the help of strong locality∫
{f=c}
dµc<f> = 0, ∀ f ∈ F , (2.3)
it is possible to define µc<f> for every f ∈ Floc as follows: for every relatively compact
subset Ω ⊂ X
1Ωµ
c
<f> = 1Ωµ
c
<f˜>
, (2.4)
where f˜ ∈ F and f = f˜ -q.e. on Ω.
By polarization and regularity we can thereby define a Radon-measures-valued bilinear
form on Floc so that
E c(f, g) =
1
2
µc<f,g>(X), ∀ f ∈ Floc. (2.5)
The truncation property for E c reads as follows: For every a ∈ R, every f ∈ Floc and
every g ∈ Fb,loc we have
E c((f − a)+, g) = 1{f>a}E
c(f, g) and E c[(f − a)+] = 1{f>a}E
c[f ]. (2.6)
Furthermore the following product formula holds true
dµc<fh,g> = fdµ
c
<h,g> + hdµ
c
<f,g>, ∀ f, g, h ∈ Fb,loc. (2.7)
By the regularity assumption the latter formula extends to every f, g, h ∈ Floc.
Another rule that we shall occasionally use is the chain rule (See [FO¯T94, pp.11-117]):
For every function φ : R → R of class C1 with bounded derivative (φ ∈ C1b (R)), every
f ∈ Floc and every g ∈ Fb,loc, φ(f) ∈ Floc and
dµc<φ(f),g> = φ
′(f)dµc<f,g>. (2.8)
We improve a bit the chain rule.
Lemma 2.1. Let φ : (0,∞)→ R of class C1 be such that for every a > 0, f ∈ C1b ([a,∞)).
Let f ∈ Floc such that for every kompact subset K ⊂ X, there is CK > 0 such that
f ≥ CK-q.e. on K. Then φ(f) ∈ Floc and
dµc<φ(f),g> = φ
′(f)dµc<f,g>, ∀ g ∈ Fb,loc (2.9)
Proof. Let K ⊂ X , kompact and CK > 0 as in the lemma. Let f˜ ∈ F s.t. f˜ = f -q.e.on
K. We extend the restriction of φ to [CK ,∞) by a function φ˜ ∈ C
1
b (R). Then φ˜(f˜) ∈ F
and φ˜(f˜) = φ(f)-q.e.on K and by formula(2.8)
1Kdµ
c
<φ˜(f˜),g>
= 1Kφ˜
′(f)dµc<f,g>
= 1Kdµ
c
<φ(f),g> = 1Kφ
′(f)dµc<f,g>∀ g ∈ Fb,loc (2.10)
which was to be proved.
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We shall also make use of the following fact.
Lemma 2.2. Let w be a q.c. function such that w > 0-q.e. Then w−1 is locally quasi-
bounded.
Proof. By [FO¯T94, Theorem2.1.2], there is a nest (Fk) s.t. w ∈ C(Fk), for every k. Set
Y := ∪kFk, then X \ Y has zero capacity.
For every integer k, we set
Gk := Fk ∩ {w ≥
1
k
}. (2.11)
Then Gk is closed as well as for the topology of X and that of Y inherited from X . Also
K ′ := K ∩ Y is compact w.r.t. to the trace topology of X on Y . Since (Gk) is a covering
for Y of closed sets, there is a finite number of Gk’s s.t. K = ∪finiteGk. Thus infK ′ w > 0.
On the other hand Cap(K ∩ Y c) ≤ Cap(X \ Y ) = 0, yielding
w(x) ≥ inf
K ′
w > 0− q.e. on K, (2.12)
which was to be proved.
3 Hardy’s inequality
We are in position now to assert the first part of the main result.
Theorem 3.1. Let E be a transient Dirichlet form and µ be a positive Radon measure
on Borel subsets of X,charging no sets having zero capacity. Assume that there is C > 0
and a function w ∈ Floc, w > 0-q.e., such that
1
2
µc<w,f>(X) + J(w, f) +
∫
fw dκ− C−1
∫
wf dµ ≥ 0, ∀ 0 ≤ f ∈ Floc. (3.1)
Then the following Hardy’s inequality holds true∫
f 2 dµ ≤ CE [f ], ∀ f ∈ F . (3.2)
Remark 3.1. Condition(3.1) is fulfilled if there is a function 0 < w-q.e. w ∈ F such that
E(w, f)− C−1
∫
wf dµ ≥ 0, ∀ 0 ≤ f ∈ F ∩ C0(X). (3.3)
In particular, if w is the potential of a positive measure µ charging no sets having zero
capacity and such that ‖w‖∞ <∞, we get
E(w, f) =
∫
f dµ ≥ ‖w‖−1∞
∫
wf dµ , ∀ 0 ≤ f ∈ F ∩ C0(X). (3.4)
Obtaining therefore, the known inequality [Von96, SV96, Fit00, BA04]∫
f 2 dµ ≤ ‖w‖∞E [f ], ∀ f ∈ F . (3.5)
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We shall say that a measure µ satisfies Hardy’s inequality if inequality(3.2) holds true.
Proof. Without loss of generality we may and shall neglect the killing term in E .
Let f be s.t. wf ∈ F . Since, by Lemma2.2, for every compact subset K ⊂ X there is CK
s.t. w−1 ≤ CK-q.e. on K, we obtain by Lemma2.1, that w
−1 ∈ Fb,loc and f = w
−1wf ∈
Floc.
By formula(2.1) together with the product formula(2.7), we obtain
E [wf ] =
1
2
µc<wf,wf> + J [wf ]
=
1
2
∫
w2 dµc<f> +
∫
wf dµc<w,f> +
1
2
∫
f 2 dµc<w> + J [wf ] (3.6)
Yielding
E [wf ]− C−1
∫
(wf)2 dµ =
1
2
∫
w2 dµc<f> +
∫
wf dµc<w,f>
+
1
2
∫
f 2 dµc<w> − C
−1
∫
(wf)2 dµ+ J [wf ]
Replacing f by wf 2 ∈ Floc in Eq.(3.1), we get
0 ≤
1
2
∫
dµc<wf2,w> − C
−1
∫
(wf)2 dµ+ J(w,wf 2) =
1
2
∫
f 2 dµc<w>
+
1
2
∫
w dµc<f2,w> − C
−1
∫
(wf)2 dµ+ J(w,wf 2). (3.7)
Observing that ∫
w dµc<f2,w> = 2
∫
wf dµc<f,w>, (3.8)
and that
J(w,wf 2) ≤ J [wf ] (3.9)
we achieve ∫
w2f 2 dµ ≤ CE [wf ], (3.10)
for every f as given in the beginning of the proof.
Now let f ∈ F ∩ C0(X). Then f = ww
−1f . We set g := w−1f . Then wg ∈ F . Applying
the first part of the proof and using the regularity assumption, we get the result.
As an example of measures for which Hardy’s inequality holds true we give
Corollary 3.1. Let 0 < w be a superharmonic function and µ its Riesz charge. Then∫
w−1f 2 dµ ≤ E [f ], ∀ f ∈ F . (3.11)
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Proof. Assume first that w ∈ F . Then for all f ∈ F ∩ Cc(X) we have
E(w,w−1f) =
∫
w−1f dµ, (3.12)
which yields inequality(3.11) by Theorem3.1.
For general w, let µk ↑ µ, be such that wk := Uµk ∈ F . Then by the first step∫
w−1f 2 dµ = lim
k→∞
∫
w−1f 2 dµk ≤ lim
k→∞
∫
w−1k f
2 dµk
≤ E [f ], ∀ f ∈ F , (3.13)
which finishes the proof
Remark 3.2. On the light of Corollary3.1, Thereom3.1 has the following consequence:
every measure which is dominated by a constant times the inverse of a nonnegative su-
perharmonic function times its Riesz charge satisfies Hardy’s inequality.
This result is exactly Fitzsimmons’s result [Fit00].
Example 3.1. Improved Hardy inequality in the half-space: In this example we shall
rediscover an improved Hardy inequality proved in [Tid05, Corollary3.1]. Let d ≥ 3. Set
R
d
+ the upper half-space. Set
ψ(x) := x
1
2
d (x
2
d−1 + x
2
d)
1
4 , x ∈ Rd+.
Let 0 < ǫ < 1/4. Then with w := ψ, we get
−∆w −
1
8
wψ−2 − (
1
4
− ǫ)wx−2d =
1
4
w
( 1
(x2d−1 + x
2
d)
2
+
4ǫ
x2d
−
1
2xd(x2d−1 + x
2
d)
1
2
)
≥ 0 (3.14)
Thus by Theorem3.1, we obtain
(
1
4
− ǫ)
∫
R
d
+
x−2d f
2 dx+
1
8
∫
R
d
+
f 2
xd(x2d−1 + x
2
d)
1
2
dx ≤
∫
R
d
+
|∇f |2 dx, ∀f ∈ C∞0 (R
d
+).
Letting ǫ→ 0, we derive
1
4
∫
R
d
+
x−2d f
2 dx+
1
8
∫
R
d
+
f 2
xd(x2d−1 + x
2
d)
1
2
dx ≤
∫
R
d
+
|∇f |2 dx, ∀f ∈ C∞0 (R
d
+). (3.15)
As in the context of Ancona and Fitzsimmons (See [Anc86, Proposition 1],[Fit00]) we
proceed to show that a sort of converse to Theorem(3.1) holds true.
Theorem 3.2. Assume that inequality(3.2) holds true. Then for every 0 < Λ < C−1
there is w ∈ F , w > 0-q.e., and fulfills condition(3.1).
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Proof. Suppose that (3.2) holds true. Then by [BA04, Theorem3.1], the operator
Kµ := L2(µ)→ L2(µ), f 7→ Ufµ, (3.16)
where Ufµ is the potential of fµ is bounded and ‖Kµ‖ ≤ C. Thus for every 0 < Λ < C−1
the operator 1− ΛKµ is invertible on L2(µ).
Let ϕ ∈ F , s.t. 0 < ϕ ≤ 1. Then there is ψ ∈ L2(µ) with ψ − ΛKµψ = ϕ-µ a.e. Thus
Kµψ − ΛKµ(Kµψ) = Kµϕ− q.e. (3.17)
Since ϕ > 0, Kµ is positivity preserving and
ψ =
∞∑
k=0
Λk(Kµ)kϕ, (3.18)
we conclude that ψ > 0-µ-a.e. and w := Kµψ > 0-q.e., which by Lemma2.2 yields that
w−1 is quasi-bounded.
For the rest of the proof, observe that for every 0 ≤ f ∈ F
E(w, f)− Λ
∫
wf dµ = E(Kµψ, f)− Λ
∫
wf dµ
= E(Kµϕ,w) + ΛE(Kµw, f)− Λ
∫
wf dµ
=
∫
wϕdµ ≥ 0, (3.19)
which finishes the proof.
The proof of Theorem3.2 shows that if the operator 1 − Kµ is invertible, then the
conclusion holds true with Λ = C−1 as well.
We shall add an alternative a assumption (which is fulfilled in many cases) on the form
Eµ, D(Eµ) = F , Eµ[f ] = E [f ]−
∫
f 2 dµ, (3.20)
that ensures that the case Λ = C−1 is included as well.
Proposition 3.1. Let µ be a positive Radon measure on Borel subsets of X that satisfies
the Hardy’s inequality with best constant 1. Assume that there is Λ > 0 s.t.∫
f 2 dm ≤ ΛEµ[f ], ∀ f ∈ D(E). (3.21)
Then for every g ∈ F there is f ∈ F s.t.
Eµ(ϕ, f) =
∫
ϕg dm ∀ϕ ∈ F . (3.22)
If in particular g > 0-q.e. then there is 0 < w-q.e., w ∈ F and satisfies condition (3.1)
with C = 1.
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The proof is easy, so we omit it.
Let µ be a positive Radon measure on Borel subsets of X charging no sets having zero
capacity. Assume that there is w satisfying the assumptions of Theorem3.1 with best
constant C = 1. Then Theorem3.1 yields that the quadratic form defined by
D(Ew) = {f ∈ L2(w2dm) : wf ∈ F}, Ew[f ] = Eµ[wf ], (3.23)
is a positive quadratic form. We shall prove that Ew is, in fact, a Dirichlet form. A proof
of this result was shortly quoted by Fitzsimmon [Fit00] using a probabilistic method. We
shall, however prove it using an analytical one.
Proposition 3.2. Under the above assumptions the form Ew is a Dirichlet form.
Proof. We develop the proof by steps.
Step 1: Eµ is closable. Indeed,
We associate to Eµ a positive symmetric operator Hµ such that D(Hµ) = D(H) and
(Hµf, g) = Eµ(f, g), ∀ f ∈ D(Hµ), g ∈ F .
Since F is dense in L2 then so is D(Hµ). Thus by [Dav89, Theorem1.2.8], Eµ is closable.
We still denote by Eµ its closure and Hµ the operator associated to it via Kato’s repre-
sentation theorem.
Step 2: Ewµ is closed. The operator H
w
µ := w
−1Hµw is closed and for every f, g s.t.
wf, wg ∈ D(H
1/2
µ ) = F we have
(
(Hwµ )
1/2f, g
)
L2(w2dm)
= Ewµ (f, g). (3.24)
Thus Ewµ is closed.
step 3: Ewµ is a Dirichlet form. Set
Eˆ : D(Eˆ) = D(Ewµ ), Eˆ [f ] =
1
2
∫
w2 dµc<f>. (3.25)
Then Eˆ is a densely defined closable positive quadratic form satisfying the truncation
property (by property(2.6)). Hence its closure is a Dirichlet form, which we still denote
by Eˆ . We denote by Hˆ its related operator.
On the other hand we have (by Theorem1.1)
0 ≤ Eˆ ≤ Ewµ , (3.26)
yielding, for every α > 0
0 ≤ (Hwµ + α)
−1 ≤ (Hˆ + α)−1. (3.27)
Now since (Hwµ + α)
−1 is positivity preserving (because (Hµ + α)
−1 is) and (Hˆ + α)−1 is
Markovian, we derive that (Hwµ + α)
−1 is Markovian as well and Ewµ is a Dirichlet form,
wich finishes the proof.
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4 Examples for strongly local Dirichlet forms
In this section we shall concentrate on giving general and concrete examples of measures
satisfying the Hardy inequality provided the Dirichlet form is strongly local. Furthermore
in some positions we shall even improve Hardy’s inequality.
These examples are mainly inspired from classical Hardy’s on Euclidean domains having
strong barriers [Anc86].∫
Ω
f 2(x)
dist(x, ∂Ω)
dx ≤ CΩ
∫
Ω
|∇f(x)|2 dx, ∀ f ∈ W 10 (Ω). (4.1)
and from an example given by Fitzsimmons [Fit00, Example4.2].
For the sake of completeness, we recall some basic concepts related to strongly local
Dirichlet forms.
Every strongly local Dirichlet form, E induces a pseudo-metric onX known as the intrinsic
metric and defined by
ρ(x, y) := sup
{
f(x)− f(y), f ∈ Floc,
1
2
µc<f> ≤ m on X
}
, (4.2)
where the inequality 1/2µc<f> ≤ m in the above definition means that the energy mea-
sure µc<f> is absolutely continuous w.r.t. the reference measure m with Radon-Nikodym
derivative smaller that 1.
Throughout this section we shall assume that ρ is a true metric whose topology coincides
with the original one and that (X, ρ) is complete.
For a given closed subset F ⊂ X , we set
ρF (x) := ρ(x, F ), ∀ x ∈ X. (4.3)
Then under the above assumption (See [Stu95, Remark after Lemma1.9]),
ρF ∈ Floc ∩ C(X) and
1
2
dµc<ρF> ≤ dm.
Now let Ω ⊂ X be an open fixed subset, EΩ the form defined by
FΩ := D(EΩ) =
{
f ∈ D(E) : f = 0− q.e. on X \ Ω
}
, EΩ[f ] = E [f ].
Then EΩ is a regular strongly local Dirichlet form on L
2(Ω, m) ([FO¯T94, Theorem4.4.3]).
Set F = X \Ω or any closed subset of Ω having zero capacity and FΩ,loc the local domain
of EΩ.
We are in position now to extend inequality(4.1) in our framework.
Theorem 4.1. Assume that∫
dµc<ρF ,f> ≥ 0, ∀ 0 ≤ f ∈ FΩ,loc. (4.4)
Then
1
2
∫
Ω
f 2
dµc<ρF>
ρ2F
≤ 4E [f ], ∀ f ∈ FΩ. (4.5)
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For the gradient energy form on Euclidean domains, condition (4.4) expresses the fact
that ρF is superharmonic, under which the constant CΩ appearing in inequality (4.1) may
be chosen to be equal 4. On the light of this observation, our extension seems to be quite
natural.
Proof. Set w = ρ
1
2
F . By Theorem3.1, it suffices to prove
1
2
∫
Ω
dµc<w,f> −
1
8
∫
Ω
wf
dµc<ρF>
ρ2F
≥ 0, ∀ 0 ≤ f ∈ FΩ,loc, (4.6)
or equivalently
1
2
∫
Ω
dµc<w,wf> −
1
8
∫
Ω
w−2f dµc<ρF> ≥ 0, ∀ 0 ≤ f ∈ FΩ,loc. (4.7)
Let 0 ≤ f ∈ FΩ,loc. Owing to the product formula together with the chain rule given by
Lemma2.1, a straightforward computation yields∫
Ω
dµc<w,wf> =
∫
Ω
f dµc<w> +
∫
Ω
w dµc<w,f>
=
1
4
∫
Ω
fw−2dµc<ρF> +
1
2
∫
Ω
dµc<ρF ,f>, (4.8)
obtaining thereby
1
2
∫
Ω
dµc<w,wf> −
1
8
∫
Ω
fw−2dµc<ρF> ≥ 0, (4.9)
which completes the proof.
Example 4.1. Let Ω be a convex subset of the Euclidean space Rd (d ≥ 3 if Ω is
unbounded) and ϕ a function s.t. ϕ > 0-q.e. on Ω and ϕ, ϕ−1 ∈ L2loc(Ω, dx). We define
the Dirichlet form on L2(Ω, dx) by
E [f ] =
∫
Ω
|∇f |2ϕ2 dx, ∀ f ∈ C∞0 (Ω), (4.10)
and F being the closure of C∞0 (Ω) w.r.t. E
1
2
1 . Then it is known that
ρ(x, y) = |x− y|, ∀ x, y ∈ Ω. (4.11)
Set F = Rd \ Ω. Assume that ϕ satisfies condition (4.4) which reads
−∆ρF − 2ϕ
−1∇ϕ∇ρF ≥ 0. (4.12)
(It is the case if for example ϕ = ρ−αF , α ≥ 0). Then conditions of Theorem4.1 are fulfilled
and we get
∫
Ω
f 2
ρ2F
dx ≤ 4
∫
Ω
|∇f |2ϕ2 dx, ∀ f ∈ F . (4.13)
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Another general example is the following
Theorem 4.2. Let ψ ∈ Floc be s.t. ψ > 0-q.e.,
dµc
<ψ>
2dm
≤ 1 and for some constant C > 1/2
E(ψ, f) ≤ −2C
∫
ψ−1f dm, ∀ 0 ≤ f ∈ FΩ,loc. (4.14)
Set β := C − 1
2
. Then
∫
f 2ψ−2 dm ≤ β−2E [f ], ∀ f ∈ FΩ. (4.15)
Proof. Let 0 ≤ f ∈ FΩ,loc. Changing f by ψ
−2β−1f in inequality(4.14) and applying the
chain rule we achieve
1
2
∫
ψ−2β−1 dµc<ψ,f> −
1
2
(2β + 1)
∫
ψ−2β−2f dµc<ψ> ≤ −2C
∫
ψ−2β−2f dm. (4.16)
Using the latter inequality together with the assumption
dµc
<ψ>
2dm
≤ 1, we obtain
1
2
∫
dµc<ψ−β ,ψ−βf> = −
β
2
∫
ψ−2β−1 dµc<ψ,f> +
β2
2
∫
ψ−2β−2f dµc<ψ>
≥ 2Cβ
∫
ψ−2β−2f dm−
β
2
(2β + 1)
∫
ψ−2β−2 dµc<ψ>
+
β2
2
∫
ψ−2β−2f dµc<ψ>
≥ 2(β +
1
2
)β
∫
ψ−2β−2f dm− β(β + 1)
∫
ψ−2β−2f dm.(4.17)
Thus
1
2
∫
dµc<ψ−β ,ψ−βf> − β
2
∫
ψ−2β−2f dm ≥ 0, (4.18)
and w = ψ−β satisfies condition(3.1), with dµ = ψ−2dm, which completes the proof.
Example 4.2. We take an other time the Dirichlet form of Example4.1, with d ≥ 3. We
suppose that Ω is star-shaped around one of its points x0 ∈ Ω. We choose F = {x0} and
assume that points have zero capacity. Then
ρ(x) := ρF (x) = |x− x0|.
We choose ψ(x) = ρ(x) and ϕ(x) = eρ(x). Then
dµc
<ψ>
2dm
≤ 1.
On the other hand condition (4.25) reads
d− 1 + 2ρ(x) ≥ 2Ce−2ρ(x), (4.19)
which is fulfilled with C = d−1
2
. Thus we get
∫
Ω
f(x)2
|x− x0|2
e2|x−x0| dx ≤ (
d− 2
2
)−2
∫
Ω
|∇f(x)|2e2|x−x0| dx, ∀ f ∈ F . (4.20)
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Example 4.3. We investigate in this example the Dirichlet form given by: Set σ(x) =
(1 + |x|2)
1
2 and
E [f ] =
∫
Rd
|∇f |2 dx+
∫
Rd
f 2σλ(x) dx, (4.21)
considered on the space L2(Rd, σλdx). In this situation the intrinsic metric is given by
[CG98]
ρ(0, x) = ln(|x|+
√
1 + |x|2). (4.22)
We set ψ(x) := ρ(0, x), ∀ x ∈ Rd and suppose that d ≥ 3.
From the property of the intrinsic metric we derive
dµc
<ψ>
2dm
≤ 1. The second condition
imposed on ψ reads
−∆ψ + ψσλ ≤ −Cψ−1σλ, (4.23)
or equivalently
d− 1
|x|
+
d
(1 + |x|2)3/2
− ln(|x|+
√
1 + |x|2)σλ(x)
≥ C
σλ(x)
ln(|x|+
√
1 + |x|2)
, ∀ x ∈ Rd \ {0}, (4.24)
with C > 1/2. Obviously this condition can not be fulfilled if λ ≥ 0. However if λ < 0
and −λ is big enough then the latter condition is satisfied and we obtain for such λ
∫
Rd
f 2(x) ln−2(|x|+
√
1 + |x|2) dx ≤ β−2λ
( ∫
Rd
|∇f |2 dx+
∫
Rd
f 2σλ(x) dx
)
, ∀ f ∈ D(E).
The latter theorem may be improved in the following way
Theorem 4.3. Let ψ ∈ Floc be s.t. ψ > 0-q.e. and for some constant C > 1/2
E(ψ, f) ≤ −C
∫
ψ−1f dµc<ψ>, ∀ 0 ≤ f ∈ FΩ,loc. (4.25)
Set β := C − 1
2
. Then
1
2
∫
f 2ψ−2 dµc<ψ> ≤ β
−2E [f ], ∀ f ∈ FΩ. (4.26)
The proof runs as the previous one so we omit it.
Remark 4.1. Inequality(4.25) is fulfilled with C = 1 if
E(logψ, f) ≤ 0, ∀ 0 ≤ f ∈ FΩ,loc. (4.27)
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On the light of Theorems4.2-4.3 and being inspired by a result due Filippas-Moschini-
Tertikas [FLA07, Theorem3.2], we shall improve, in some respect, the Hardy inequality.
Theorem 4.4. Assume that conditions imposed on ρF in Theorem4.1 and on ψ in
Theorem4.3 are fulfilled. Then the following improved Hardy’s inequality
1
2
∫
Ω
f 2
dµc<ρF>
ρ2F
≤ 4
(
E [f ]−
β2
2
∫
f 2ψ−2 dµc<ψ>
)
, ∀ f ∈ FΩ, (4.28)
holds true, provided
∫
Ω
ψ−2β dµc<ρF ,f> ≥ 0 ∀ 0 ≤ f ∈ FΩ,loc. (4.29)
Proof. Set w1 = ψ
−β, w2 = ρ
1
2
F and f = w1w2g ∈ FΩ. Then
E [w1w2g] =
1
2
∫
dµc<w1w2g> =
1
2
∫
(w1w2)
2 dµc<g> +
1
2
∫
ψ−2βg dµc<g,ρF>
−β
∫
ψ−(2β+1)ρF g dµ
c
<g,ψ> −
β
2
∫
ψ−(2β+1)g2 dµc<ρF ,ψ>
+
1
8
∫
ψ−2βg2ρ−1F dµ<ρF> +
β2
2
∫
ψ−2(β+1)g2ρF dµ
c
<ψ>. (4.30)
Yielding
E [w1w2g] −
β2
2
∫
(w1w2)
2ψ−2g2 dµc<ψ> −
1
8
∫
(w1w2)
2ρ−2F g
2 dµc<ρF> =
1
2
∫
(w1w2)
2 dµc<g> +
1
2
∫
ψ−2βg dµc<g,ρF>
−
β
2
∫
ψ−(2β+1)ρF dµ
c
<g2,ψ> −
β
2
∫
ψ−(2β+1)g2 dµc<ρF ,ψ> (4.31)
Observe that by assumptions the first two integrals in the latter equality are positive.
We shall prove that the remainder which we denote by R is positive as well. We rewrite
R with the help of the product formula
R = −
β
2
∫
ψ−(2β+1) dµc<g2ρF ,ψ>. (4.32)
Owing to inequality (4.25), we achieve
R ≥ Cβ
∫
ψ−2β−2g2ρF dµ
c
<ψ> − β(β + 1/2)
∫
ψ−2β−2g2ρF dµ
c
<ψ> = 0, (4.33)
which was to be proved.
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We illustrate the improved Hardy’s inequality by an example.
Example 4.4. We reconsider the Dirichlet form of Example4.1. We suppose that Ω = BR,
the open Euclidean ball centered at 0 with radius R > 0. We set
ρ(x) := R − |x|, x ∈ BR.
We fix α ∈ [0, 1/2] and choose
ϕ(x) = ρ(x)−α and ψ(x) = |x|, ∀ x ∈ BR. (4.34)
Then condition (4.25) imposed on ψ reads
1− d
|x|
+
2
|x|
ϕ−1x · ∇ϕ ≤ −C
1
|x|
ϕ2, (4.35)
which is always satisfied. However the condition C > 1/2 is fulfilled if and only if
(d− 1)R2α > 1.
Whence from now on we assume in this example that d > 1 and R satisfies the latter
condition (big R).
The condition imposed on ρ reads
−1 + d
|x|
+ 2αρ−1(x) ≥ 0, on BR, (4.36)
which is always true.
Lastly the condition 4.29 imposed jointly on ψ and ρ reads
− div
(
ψ−2βρ−2α∇ρ) ≥ 0, (4.37)
or equivalently
2β
|x|
+
2α
R− |x|
−∆ρ ≥ 0, (4.38)
which is always fulfilled.
Thus we get, with β := (d− 1)R2α − 1/2, for every f ∈ W 10 (BR)
∫
BR
f 2
(R− |x|)2
dx ≤ 4
( ∫
BR
|∇f |2(R− |x|)−2α dx− β2
∫
BR
f 2
|x|2
(R− |x|)−2α dx
)
.
Other conditions may also lead to an improved Hardy’s inequality. Indeed, following
the lines of the latter proof one get
Proposition 4.1. Assume that ρF satisfies conditions of Theorem4.1, that
1
2
dµc<ρF>
dm
= 1,
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and that ψ satisfies conditions of Theorem4.2. Then
∫
Ω
f 2
ρ2F
dm ≤ 4
(
E [f ]−
β2
2
∫
f 2ψ−2 dµc<ψ>
)
, ∀ f ∈ FΩ, (4.39)
holds true, provided
∫
Ω
ψ−2β dµc<ρF ,f> ≥ 0 ∀ 0 ≤ f ∈ FΩ,loc. (4.40)
Set CapΩ, the capacity induced by EΩ. In conjunction with the equivalence between
isocapacitary inequality and Hardy’s inequality [Fit00, BA05] the latter proposition leads
to the following lower estimate for the capacity of compact sets
∫
K
1
ρ2F
dm+
β2
2
∫
K
ψ−2 dµc<ψ> ≤ 4CapΩ(K), ∀K ⊂ Ω, compact. (4.41)
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